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Abstract
We study the structural stability for the Brinkman-Forchheimer equations with
temperature-dependent solubility. We prove both the convergence and continuous
dependence results for the Forchheimer coeﬃcient λ. We also demonstrate how to
get the same results for the Forchheimer equations.
MSC: 35B30; 35K55; 35Q35
Keywords: structural stability; Forchheimer coeﬃcient; convergence result;
continuous dependence
1 Introduction
In the last few years, some researchers have studied the question of the continuous de-
pendence or convergence of solutions of problems in partial diﬀerential equations on the
coeﬃcients in the equations. It is called the question of structural stability. For one thing,
when we study continuous dependence or convergence, the notion of structural stability
is on changes in the model itself instead of the original data. The majority of references to
work of this nature are given in the monograph of Ames and Straughan [], which stud-
ies the structural stability about changes in the model itself. Hence, we tend to know that
changes in the coeﬃcients in the partial diﬀerential equations may be reﬂected physically
by changes in the constitutive parameters. If we deeply study these equations by mathe-
matical analysis, it is certainly giving us a helping hand to indicate their applicability in
physics. For another, because of some inevitable errors, which may have occurred, con-
tinuous dependence or convergence results are signiﬁcant. It is relevant to know the mag-
nitude of the eﬀect of such errors in the solutions. Consequently, we think it is valuable
for us to study the subject of structural stability.
We tend to ﬁnd awide range of papers in the literature copingwith the structural stability
for varieties equations. Most of them focus on the Brinkman, Darcym, and Forchheimer
models. These equations are discussed in the books of Nield and Bejan [] and Straughan
[, ]. In addition, several papers have dealt with Saint-Venant type spatial decay results for
the Brinkman, Darcy, Forchheimer, and other equations for porous media. More recent
work on the stability and continuous dependence questions in porous media problems
has been carried out by Ames and Payne [], Franchi and Straughan [], Kaloni and Qin
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[], Kaloni and Guo [], Payne and Straughan [–], Payne et al. [], Lin and Payne [–
], Li and Lin [], Celebi et al. [, ], Straughan [], Scott [], Scott and Straughan
[], and Harfash [–]. The fundamental model we study is based upon the equations
of balance of momentum, balance of mass, conservation of energy, and conservation of
salt concentration, adopting a Forchheimer approximation in the body force term in the





∂t + λ|u|ui = –p,i +ui + giT – hiC, (x, t) ∈  × [, τ ],
∂ui








∂xi =C + Lf (T) – kC, (x, t) ∈  × [, τ ],
(.)
where ui is the velocity, p denotes the pressure, T is the temperature, and C is the salt con-
centration. Here gi(x), hi(x) are gravity ﬁelds. Here also  is the Laplacian operator. a, b,
L, and k are positive constants. Equations (.) follow in practice by employing a Forch-
heimer approximation which accounts for the variable C allowing the incompressibility
condition to hold (see Fife []). The function f is at least C.
Equations (.) hold in the region  × [, τ ], where  is a bounded, simply connected,
and star-shaped domain with boundary ∂ in R, and τ is a given number satisfying  ≤





∂n = , (x, t) ∈ ∂ × [, τ ], (.)
and additionally the concentration is given at t = , i.e.,
ui(x, ) = ui(x), (.)
T(x, ) = T(x), C(x, ) = C(x), x ∈ . (.)
We will derive both the convergence result and continuous result on the Forchheimer
coeﬃcient λ. In the present paper, a comma is used to indicate partial diﬀerentiation and
the diﬀerentiation with respect to the direction xk is denoted as ,k, thus u,i denotes ∂u∂xi .
The usual summation convection is employed with repeated Latin subscripts summed




∂xi , ‖ · ‖ denotes the norm of L, and ‖ · ‖p denotes the
norm of Lp.
2 A priori bounds for the temperature T and the salt concentration C
Now we want an a priori bound or a maximum principle for T . Therefore multiplying




















,i dxdη ≤ . (.)
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We let p→ ∞ and then (.) leads to
sup
[,t]
‖T‖∞ ≤ ‖T‖∞ = TM. (.)
Since f is a C function, and T is bounded, we can easily see that there exists a constant
d such that
f (T)≤ d. (.)




∣ ≤ k, (.)






























We let p→ ∞, (.) leads to
sup
[,t]
‖C‖∞ ≤ CM, (.)
where CM = max {eτ‖C‖∞,Ldeτ }.
3 Convergence and continuous dependence results for the Forchheimer
coefﬁcient λ






∂t + λ|u|ui = –p,i +ui + giT – hiC, (x, t) ∈  × [, τ ],
∂ui














∂n = , (x, t) ∈ ∂ × [, τ ], (.)
ui(x, ) = ui(x), (.)
T(x, ) = T(x), C(x, ) = C(x), x ∈ . (.)





∂t = –p∗,i +u∗i + giT∗ – hiC∗, (x, t) ∈  × [, τ ],
∂u∗i










∗ + Lf (T∗) – kC∗, (x, t) ∈  × [, τ ],
(.)





∂n = , (x, t) ∈ ∂ × [, τ ], (.)
u∗i (x, ) = ui(x), (.)
T∗(x, ) = T(x), C∗(x, ) = C(x), x ∈ . (.)
The object of this section is to demonstrate that the solution of (.) converges to the
solution of (.) as λ → . Now, we deﬁne the diﬀerence variables ωi, π , θ , and S by
ωi = ui – u∗i , π = p – p∗, θ = T – T∗, S = C –C∗. (.)





∂t + λ|u|ui = –π,i +ωi + giθ – hiS, (x, t) ∈  × [, τ ],
∂ωi














i S,i =S + L(f (T) – f (T∗)) – kS, (x, t) ∈  × [, τ ],
(.)





∂n = , (x, t) ∈ ∂ × [, τ ], (.)
ωi(x, ) = , (.)
θ (x, ) = , S(x, ) = , x ∈ . (.)
We will obtain the following result.
Theorem  Let (ui,T ,C,p) be the classical solution to the initial-boundary problem (.)-
(.), (u∗i ,T∗,C∗,p∗) be the classical solution to the initial-boundary problem (.)-(.)
in  × [, τ ], and (wi, θ ,S,π ) be the diﬀerence of (ui,T ,C,p) and (u∗i ,T∗,C∗,p∗), then the
solution (ui,T ,C,p) converges to the solution (u∗i ,T∗,C∗,p∗) as the Boussinesq coeﬃcient λ
tends to . The diﬀerence (wi, θ ,S,π ) satisﬁes





















|u|uiωi dx – ‖∇ω‖ + 
∫








|u|uiui dx + λ
∫








∣u∗i u∗i dx + ‖ω‖ + h‖S‖ + g‖θ‖. (.)
We will use the following inequality in three dimensions:





 ‖∇f ‖  , (.)
where k is a positive constant.
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∥∇u∗∥∥ +  ||, (.)
where || is the measure of .























































where g = max gigi, h = max hihi.












)]||(eτ – ) = k. (.)

























































)||τ + (CM)||τ +
∫

ui,jui,j dx = k. (.)

















+ ‖ω‖ + h‖S‖ + g‖θ‖. (.)
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θ,iθ,i dx = –
∫












The Lagrange theorem says that




= θ f ′(ξ ). (.)






S,iS,i dx = –
∫



























 + Lk ‖S‖ + ‖θ‖. (.)
From (.), (.), and (.), we get
d
dt


























)‖S‖ + ( + g)‖θ‖. (.)
We set




















whereM = max { + (TM) + (C
M)
 ,Lk + h,  + g}.
We easily see that















Inequality (.) demonstrates the convergence of ui to u∗i , T to T∗, and C to C∗ as
λ →  in the indicated measure. 
Next, we will discuss the continuous dependence on the Forchheimer coeﬃcient λ. Let
(ui,p,T ,C) be a solution of the boundary initial-value problem for the thermal convection






∂t + λ|u|ui = –p,i +ui + giT – hiC, (x, t) ∈  × [, τ ],
∂ui








∂xi =C + Lf (T) – kC, (x, t) ∈  × [, τ ],
(.)




∂n = , (x, t) ∈ ∂ × [, τ ], (.)
ui(x, ) = ui(x), (.)
T(x, ) = T(x), C(x, ) = C(x), x ∈ . (.)






∂t + λ|u∗|u∗i = –p∗,i +u∗i + giT∗ – hiC∗, (x, t) ∈  × [, τ ],
∂u∗i
















∂n = , (x, t) ∈ ∂ × [, τ ], (.)
u∗i (x, ) = ui(x), (.)
T∗(x, ) = T(x), C∗(x, ) = C(x), x ∈ . (.)
In this section, we establish the continuous dependence on the coeﬃcient. To do this, let
(ui,T ,C,p) and (u∗i ,T∗,C∗,p∗) be solutions of (.) and (.) with the same boundary
and initial conditions. Now, we deﬁne
ωi = ui – u∗i , π = p – p∗, θ = T – T∗, S = C –C∗. (.)





∂t + (λ|u|ui – λ|u∗|u∗i ) = –π,i +ωi + giθ – hiS, (x, t) ∈  × [, τ ],
∂ωi














i S,i =S + L(f (T) – f (T∗)) – kS, (x, t) ∈  × [, τ ],
(.)





∂n = , (x, t) ∈ ∂ × [, τ ], (.)
ωi(x, ) = , (.)
θ (x, ) = , S(x, ) = , x ∈ . (.)
We will obtain the following result.
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Theorem  Let (ui,T ,C,p) be the classical solution to the initial-boundary problem
(.)-(.), (u∗i ,T∗,C∗,p∗) be the classical solution to the initial-boundary problem
(.)-(.) in  × (, τ ), and (wi, θ ,S,π ) be the diﬀerence of (ui,T ,C,p) and (u∗i ,
T∗,C∗,p∗), then the solution (ui,T ,C,p) converges to the solution (u∗i ,T∗,C∗,p∗) as
the Forchheimer coeﬃcient λ tends to λ. If we suppose that
∫

ui,t(x, )ui,t(x, )dx +
∫

Ti,t(x, )Ti,t(x, )dx +
∫

Ci,t(x, )Ci,t(x, )dx≤ R, the diﬀerence (wi, θ ,S,π ) satisﬁes







where λ = λ – λ.
































ωi dx≥ (λ + λ)
∫





















Since the operator T(u) = |u|u is a monotonous operator, we get
∫

(|u|u – ∣∣u∗∣∣u∗)ωdx≥ . (.)





























Nevertheless, we use another method to get the bound for
∫

|u|uiωi dx. We can use a
similar method to give the bound for ‖u‖,








)]||(eτ – ) = k. (.)
The next step is to give a bound for ‖∇u‖. In [], Liu used the similar method. Multi-
plying (.) by ui and integrating over , we have
∫























































+ ||  gTM + ||  hCM
]
. (.)
In order to have a bound for
∫





















ui,t|u|,tui dx – 
∫










|u| dx + 
∫












ui,tui,t dx + g
∫
















T,tT,t dx = 
∫

T,t(T,iit – ui,tT,i – uiT,it)dx = –
∫






















































































Combining (.)-(.), we can get
dF
dt ≤MF, (.)
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ui,t(x, )ui,t(x, )dx +
∫







≤ ReMτ . (.)








ReMτ + || TMg + || CMh
)
= k. (.)

















|u| dx + ‖ω‖ + g‖θ‖ + h‖S‖. (.)
From (.), (.), and (.), we get
d
dt















)‖S‖ + ( + g)‖θ‖. (.)
We set











whereM = max { + (TM) + (C
M)
 ,Lk + h,  + g}.
We easily see that







Inequality (.) demonstrates the convergence of ui to u∗i , T to T∗, and C to C∗ as
λ → λ in the indicated measure. 
4 The case for the Forchheimer equations
The above equations we discussed are of the Brinkman-Forchheimer equations type. If
we consider the Forchheimer equations ifu is deleted, we will demonstrate another the-
orem. Now, let (ui,p,T ,C) be a solution to the boundary initial-value problem for the






∂t + λ|u|ui = –p,i + giT – hiC, (x, t) ∈  × [, τ ],
∂ui














∂n = , (x, t) ∈ ∂ × [, τ ], (.)
ui(x, ) = ui(x), (.)
T(x, ) = T(x), C(x, ) = C(x), x ∈ . (.)






∂t = –p∗,i + giT∗ – hiC∗, (x, t) ∈  × [, τ ],
∂u∗i
















∂n = , (x, t) ∈ ∂ × [, τ ], (.)
u∗i (x, ) = ui(x), (.)
T∗(x, ) = T(x), C∗(x, ) = C(x), x ∈ . (.)
In this section, we establish convergence on the coeﬃcient λ. To do this, let (ui,T ,C,P)
and (u∗i ,T∗,C∗,P∗) be solutions of (.) and (.) with the same boundary and initial con-
ditions. Now we deﬁne
ωi = ui – u∗i , π = p – p∗, θ = T – T∗, S = C –C∗. (.)





∂t + λ|u|ui = –π,i + giθ – hiS, (x, t) ∈  × [, τ ],
∂ωi














i S,i =S + L(f (T) – f (T∗)) – kS, (x, t) ∈  × [, τ ],
(.)





∂n = , (x, t) ∈ ∂ × [, τ ], (.)
ωi(x, ) = , (.)
θ (x, ) = , S(x, ) = , x ∈ . (.)
We will obtain the following result.
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Theorem  Let (ui,T ,C,p) be the classical solution to the initial-boundary problem (.)-
(.), (u∗i ,T∗,C∗,p∗) be the classical solution to the initial-boundary problem (.)-(.)
in  × (, τ ), and (wi, θ ,S,π ) be the diﬀerence of (ui,T ,C,p) and (u∗i ,T∗,C∗,p∗), then the
solution (ui,T ,C,p) converges to the solution (u∗i ,T∗,C∗,p∗) as the Forchheimer coeﬃcient
λ tends to . The diﬀerence (wi, θ ,S,π ) satisﬁes







We can also get the continuous dependence result for diﬀerent Forchheimer coeﬃcients
λ → .


























C,iC,i dx + L
∫





































































gi,jgi,j, kh = max

hi,jhi,j. (.)











































(ui,j – uj,i)(gi,jT – hi,jC)dx + 
∫




















(ui,j – uj,i)(ui,j – uj,i)dx = 
∫

(ui,j – uj,i)ui,j dx = J(t). (.)
From (.) and (.), we can get
dJ












Combining (.), (.), and (.), we have
























We can use a similar method to get the result that







In inequalities (.) we demonstrate the convergence of ui to u∗i , T to T∗, and C to C∗
as λ →  in the indicated measure. We can also get the continuous dependence result.
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